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Abstract 

Let A  be an algebra and M  be a left -A module. We say that a linear mapping 

MA →δ :  is an -α left derivation, if ( ) ( ) ( ) ( ) ( )BABAAB δα+αδ=δ  for any 

., A∈BA  In this paper, we show that under certain conditions -α left Jordan 
derivations on some Banach algebras are zero. 

1. Introduction 

Let H denotes a complex separable Hilbert space. Let X be a complex 
Banach space and let ( )XB  be the set of all bounded linear maps from X 
into itself. 

A subspace lattice on X is a collection L  of closed subspaces of X with 
(0), X in L  and such that for every family { }rM  of elements of ,L  both 

rMI  and rM  belong to ,L  where rM  denotes the closed linear span 

of { }.rM  For a subspace lattice LL alg,  denotes the algebra of all 
operators on X that leave invariant each element of .L   



ASIA MAJEED 86

A subspace lattice L  on H is called a commutative subspace lattice 
(CSL), if it consists of mutually commuting projections and Lalg  is called 
a CSL algebra. A totally ordered subspace lattice N  is called a nest and 
the associated algebra Nalg  is called a nest algebra. If L  is a completely 
distributive commutative subspace lattice (CDCSL), then Lalg  is called 
a CDCSL algebra. It is obvious that a nest algebra is a CDCSL algebra. 
Given a subspace lattice L  on X, put 

{ { } },and0: XKKK ≠≠∈= −LJ L  

where { }.: LKLK  −− ∈= L  Call L  a -J subspace lattice on X, if it 
satisfies the following conditions: 

(i) { ( )} ,1: =∈ Laa J  

(ii) { ( )} ,0: =∈− Laa J  

(iii) 0=−aa   for every ( ),La J∈  

(iv) 1=−aa   for every ( ).La J∈  

If L  is a -J subspace lattice, then Lalg  is called a SL-J  algebra. 

For Xx ∈  and ,∗∈ Xf  the operator ( )xyfy →  is denoted by 
( ) =⊗ yfx  ( ) ( )LF.xyf  stands for the algebra of all finite rank operators 
in .alg L  

For notation, we use lower case letters to represent elements of rings 
and algebras in the abstract setting, and capital letters to represent 
elements of subalgebras of Hilbert space operators. 

Let α  be a surjective homomorphism on .A  A linear mapping δ  from 
an algebra A  to a left module M  is called an -α left Jordan derivation 

for all ( ) ( ) ( ).2, 2 AAAA αδ=δ∈ A  

In Section 2, we prove that for a right separating set I of ,M  where 
M  is a left -A module and I is contained in the subalgebra of A  
generated by its idempotents, and for a surjective homomorphism ,α  if δ  
is an -α left Jordan derivation from A  into ,M  then .0≡δ  



-α LEFT JORDAN DERIVATIONS ON SOME … 87

In Section 3, we give a result concern with a functional equation. 

The following lemmas will be used repeatedly. 

Lemma 1.1 [6, Lemma 3.1]. Let L  be a -J subspace lattice on X. 

Then, the rank one operator ,alg L∈⊗ fx  if and only if there exists a 

subspace ( )LJ∈K  such that Kx ∈  and .⊥−∈ Kf  

Lemma 1.2 [3, Lemma 2.10]. Suppose that L  is a -J subspace lattice 

on X. Then, every rank one operator in Lalg  is contained in the linear 

span of the idempotents in ( ).LF  

2. -α Left Jordan Derivations 

In this section, we assume that A  is a unital algebra and M  is any 
unital left -A module. 

Lemma 2.1. Let α  be a surjective homomorphism on .A  Let 
MA →δ :  be an -α Jordan left derivation. Then, 

 (i) ( ) ( ) ( ) ( ) ( );22 ABBABAAB δα+δα=+δ  

(ii) ( ) ( ) ( ) ( ) ( ) ( ) ( ).32 ABAAABBAABA δα−δα+δα=δ  

Proof. For any A, B in ,A  

(i) ( ) ( ) ( )BAABBAAB δ+δ=+δ  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )BAABABBA δα+δα+δα+δα=  

 ( ) ( ) ( ) ( ).22 ABBA δα+δα=  

(ii)  ( ) [ ( ( ) ( ) ) ( )]22
2
1 BABAABAABBAABAABA +δ−+++δ=δ  

  [ ( ) ( ) ( ) ( )ABAABBAABA δ+α++δα= 222
1  

( ) ( ) ( ) ( )]22 22 ABBA δα−δα−  
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[ ( ) ( ( ) ( ) ( ) ( )) ( ) ( )AABABBAA δα+δα+δαα= 22222
1  

( ) ( ) ( ) ( ) ( ) ( ) ( )]22 422 AABBAABA δαα−δα−δα+  

[ ( ) ( ) ( ) ( ) ( ) ( )AABAABBA δα+δα+δα= 2442
1 2  

( ) ( ) ( ) ( )]22 42 ABABA δα−δα−  

[ ( ) ( ) ( ) ( ) ( ) ( )]ABAAABBA δα−δα+δα= 2622
1 2  

( ) ( ) ( ) ( ) ( ) ( ).32 ABAAABBA δα−δα+δα=  

Lemma 2.2. Let α  be a surjective homomorphism on .A  Let 
MA →δ :  be an -α left Jordan derivation. Then, for any A∈A  and 

any idempotent ,A∈P  

 (i) ( ) ;0=δ P  

(ii) ( ) ( ) ( ) ( ).APAPPA δα=δ=δ  

Proof. (i) For any idempotent P in ( ) ( ) ( ) ( ).2, 2 PPPP δα=δ=δA  So, 

( ) ( ) ( ) ( ) ( ) ( ).22 2 PPPPPP δα=δα=δα  We have that ( ) ( ) .0=δα PP  Thus 

 ( ) ( ) ( ) .02 =δα=δ PPP   (1) 

(ii) By Lemma 2.1 and (1), for any ,, 2 AA ∈=∈ PPA  

( ) ( ) ( ) ( ),2 APPPAPAPPPAPAP δα=+δ=+δ  

( ) ( ) ( ) ( ) ( ) ( ).APAPPAPAPPAPAP δα+δ=δ+δ=+δ  

So 

 ( ) ( ) ( ) ( ) ( ).2 APAPAPP δ+δα=δα  

Thus, 

( ) ( ) ( ) ( ).APAPP δα=δα  
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We have that 

( ) ( ) ( ).APAP δα=δ   (2) 

Since ( ) ( ) ( ) ( ) ( ) ( ) ( ),222 APAPPAPAAP δα=δα+δα=+δ       by (2), 

( ) ( ) ( ) ( ) ( ) ( ).2 APAPAPPA δα=δ−δα=δ   (3) 

By (2) and (3), ( ) ( ) ( ) ( ).APPAAP δα=δ=δ  By induction, it is easy to 

show the following result. 

Lemma 2.3. Let α  be a surjective homomorphism on .A  If δ  is an 
-α left Jordan derivation from A  into ,M  then for any idempotents ,1P  

nPP ,,2 K  in A  and any A in ,A  

( ) ( ) ( ) ( ) ( ) ( ) ( ).1111 APPAPPPAPAPP nnnn δαα=δα=δ=δ KKKK  

We call a right ideal I  of A  a right separating set of ,M  if for any m in 

0, =mIM  implies .0=m  

Theorem 2.4. Let I  be a right separating set of .M  Suppose that I  
is contained in the subalgebra of A  generated by its idempotents. Let α  
be a surjective homomorphism on .A  If δ  is an -α left Jordan derivation 
from A  into ,M  then .0≡δ  In particular, if δ  is an -α left derivation 

from A  into ,M  then .0≡δ  

Proof. By Lemma 2.3, for any I∈S  and any ,A∈A  

( ) ( ) ( ) ( ).ASSAAS δα=δ=δ   (4) 

Since I  is a right ideal, I∈TA  for any ., AI ∈∈ AT  Thus, for any 

,, IA ∈∈ TA  by Lemma 2.2(i) and (4), 

( ) ( ) ( ) ( ) ( ) .0=δα=δ=δα ITATAAT   (5) 

Since I  is a right separating set, it follows from (5) that, ( ) 0=δ A  for 

any .A∈A  
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Let A  be an ultraweakly closed subalgebra of ( ).HB  The Banach 

space M  is said to be a dual normal Banach left -A module, if M  is a 

Banach left -A module, M  is a dual space, and for any ,M∈m  the map 

ama →A  is ultraweak to ∗weak  continuous. 

Corollary 2.5. If L  is a CDCSL on H. Let α  be a surjective 
homomorphism on Lalg  and δ  is an -α left Jordan derivation from 

Lalg  into a dual normal unital Banach left -alg L module ,M  then 

.0≡δ  In particular, every -α left Jordan derivation from Lalg  into 

itself is equal to zero. 

Proof. Let { }.1rank,alg:span =∈= TTT LI  Then I  is an 

ideal of .alg L  By [3, Lemma 2.3], I  is contained in the linear span of 

the idempotents in .alg L  By [5, Theorem 3], we have that I  is a right 

separating set .M  Hence, it follows from Theorem 2.4 that .0≡δ  

Corollary 2.6. Let L  be a -J subspace lattice on X. Let α  be a 

surjective homomorphism on .alg L  If δ  is an -α left Jordan derivation 

from Lalg  into itself, then .0≡δ  

Proof. Let { }.1rank,alg:span =∈= TTT LI  Then I  is an 

ideal of .alg L  By Lemma 1.2, I  is contained in the linear span of the 

idempotents in .alg L  By [5, Lemma 2.3], I  is a right separating set of 

.alg L  Hence, it follows from Theorem 2.4 that .0≡δ  

Corollary 2.7. Suppose A  is a unital Banach subalgebra of ( )XB  

such that A  contains { },,0
∗∈⊗ Xffx  where .0 0 Xx ∈≠  Let α  be a 

surjective homomorphism on .A  If ( )XB→δ A:  is an -α left Jordan 

derivation, then .0≡δ  

Proof. Let { }.,0
∗∈⊗= XffxI  Then I  is a right ideal of A  and a 

right separating set of ( ).XB  For any fx ⊗0  in ,A  if ( ) ,00 ≠xf  then 
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( ) fxxf ⊗0
0

1  is an idempotent in .I  If ( ) ,00 =xf  choose ( ) ,101 =xf  we 

have that ( ) ( ),2
1

2
1

10100 ffxffxfx −⊗−+⊗=⊗  both ( )10 ffx +⊗  

and ( )ffx −⊗ 10  are idempotents. By Theorem 2.4, we have .0≡δ  

Let A  be a weakly closed subalgebra of ( ).HB  If K is a complex 

separable Hilbert space, then the tensor product ( )KB⊗A  is defined as 

the weak operator closure of the span of all elementary tensors BA ⊗  
acting on ,KH ⊗  where A∈A  and ( ).HBB ∈  A weakly closed 

subalgebra A  of ( )HB  is said to be infinite multiplicity, if ( )KB⊗A  is 

isomorphic to .A  

Proposition 2.8. Let A  be a weakly closed unital subalgebra of 
( )HB  of infinite multiplicity. Let α  be a surjective homomorphism on .A  

If δ  is an -α left Jordan derivation from A  into a left -A module ,M  

then .0≡δ  

Proof. By [8, Theorem 4.3], every A∈A  is a sum of eight 
idempotents in .A  Thus, it follows from Lemma 2.2 that ( ) .0=δ A  

Proposition 2.9. Let L  be a -J subspace lattice on X. Let α  be a 

surjective homomorphism on ( ).LF  If δ  is a linear mapping from ( )LF  

into an algebra B  such that ( ) 0=δ P  for any idempotent ( ),LF∈P  then 
.0≡δ  

Proof. For any ( ),, LF∈BA  by [7, Proposition 3.2], we have that 

,21 nAAAA +++= K  where iii fxA ⊗=  are rank one operators in 

.alg L  It follows from Lemmas 1.1 and 2.2 that ( ) ,2,1,0 ==δ iAi  

., nK  Thus, ( ) 0=δ A  for any ( ).LF∈A  

Corollary 2.10. Let L  be a -J subspace lattice on X. Let α  be a 

surjective homomorphism. If δ  is an -α left Jordan derivation from ( )LF  

into a left -alg L module ,M  then .0≡δ  
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Proposition 2.11. Let L  be a CSL on H. Let α  be a surjective 
homomorphism on .alg L  If δ  is a bounded -α left Jordan derivation 

from Lalg  into ( ),HB  then .0≡δ  

Proof. By Lemma 2.2(ii), for any Lalg2 ∈= PP  and ,alg L∈A  

( ) ( ) ( ) ( ).PAPPPAPA δα=δ=δ  

By [4, Theorem 2.20], ( ) ( ) ( ),IAA δα=δ  for any .alg L∈A  It follows 
from Lemma 1.2(i) that ( ) .0=δ I  Thus, ( ) 0=δ A  for any .alg L∈A  

Let M  be a Banach left -A module. A linear mapping D from A  into 
M  is an approximately local left derivation, if for each a in ,A  there is a 
sequence of left derivations { }naD ,  from A  into M  such that 

( ) ( ).lim , aDaD nan =∞→  If in addition, D is bounded, then we say that D 

is a bounded approximately local derivation. 

Let A  be a Banach algebra and let I  be the subalgebra of A  
generated by the idempotents in .A  We say that A  is topologically 
generated by idempotents, if I  is dense in .A  

Proposition 2.12. Let A  be a Banach algebra topologically 
generated by idempotents. Let α  be a surjective homomorphism on .A  
Then, every bounded approximately local -α left derivation from A  into 

Banach left -A module M  is zero. 

Proof. For any idempotents mee ,,1 K  in ,A  there is a sequence of 
-α left derivations { }nD  from A  into M  such that ( )mnn eeD K1lim ∞→  
( ).1 meeD K=  Since every -α left derivation is -α left Jordan derivation, 

it follows from Lemma 2.2(i) and (5) that ( ) =mn eeD K1  
( ) ( ) .011 =α − mnm eDee K  Thus, ( ) 01 =meeD K  for any idempotents 

meee ,,, 21 K  in .A  Since A  is generated by idempotents and D is 

bounded, we have that .0≡D  

By the ideas in [2], we study the following functional equations by 
using Theorem 2.4. 
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Theorem 2.13. Let A  be a unital Banach algebra and M  be a unital 
left -A module. Let α  be a surjective homomorphism on .A  Suppose that 
I  is a right separating set of M  and I  is contained in the subalgebra of 
A  generated by idempotents. Let MA →:, gf  be linear mappings. If 

( ) ( ) ( ),12 −α= AgAAf   (6) 

holds for any invertible element A in ,A  then the following statements 

hold: 

 (i) ( ) ( )AgAf =  for all ;A∈A  

(ii) ( ) ( ) ( )IfAAf α=  for all .A∈A  

Proof. (i) By (6), we have that 

( ) ( ) ( ).12 −α= AfgAg   (7) 

Let .gfD −=  It follows from (6) and (7) that ( ) ( )DAAD 2α−= ( )1−A  

holds for any invertible element .A∈A  Then ( ) .0=ID  In the following, 

we prove that D is an -α left Jordan derivation. Since D is linear, we only 

need to show that 

( ) ( ) ( ),22 ADAAD α=   (8) 

for any .A∈A  Let A∈A  be arbitrary. Choose an integer n such that 
1−B  and ( ) 1−− BI  exist, where .AnIB +=  Thus, we have −= BB2  

( ( ) ) .111 −−− −+ BIB  Then, 

( ) ( ) (( ( ) ) )1112 −−− −+−= BIBDBDBD  

 ( ) ( ( ) ) ( ( ) )11211 −−−−− −+−+α−= BIBDBIBBD  

 ( ) (( ) ) ( ) ( ( ) ( ) ) ( )BIDBIBIBBDBBBIBD −−−α−−α−= −− 222222  

 ( ) ( ) ( ) ( ) ( ) ( ) ( ).222 BDBBDBBDBIBD α=α+−α−=  
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Hence ( ) ( ) ( ),22 BDBBD α=  which implies (8) since ( ) .0=ID  Thus D is 

an -α left Jordan derivation from A  into .M  By Theorem 2.4, it follows 

that .0≡D  Hence ( ) ( )AgAf =  for any .A∈A  The relation (6) can be 

written in the form 

( ) ( ) ( ).12 −α= AfAAf   (9) 

(ii) Let us first assume that ( ) .0=If  We want to show that .0=f  

For any A∈A  and let us again choose an integer n such that 1−B  

and ( ) 1−− BI  exist, where .AnIB +=  By (9), we have 

 ( ) ( ) ( ) ( ) ( ( ))BIBfBBfBBf −α=α= −− 1212  

( ( ( )) ) (( ) )BBIfBIBB 1212 −− −−α=  

(( ) ) (( ) )IBIfBI −−−α= −12  

(( ) (( ) ) ) ( ) ( ).212 BfBIfBIBI −=−−−α= −   (10) 

Hence ( ) .0=Bf  Thus, ( ) 0=Af  for any .A∈A  

Now, we assume that ( ) .0≠If  Let ( ) ( ) ( ) ( ).IfAAfAh α−=  It is 
obvious that h is linear. A routine calculation shows that ( ) α=Ah  

( ) ( )12 −AhA  holds for any invertible operator .A∈A  Since ( ) ,0=Ih  we 
have ( ) 0=Ah  for any .A∈A  Thus, ( ) ( ) ( )IfAAf α=  for any .A∈A  

Corollary 2.14. Let L  be a CDCSL or -J subspace lattice on H and 
let LL algalg:, →gf  be linear mappings. Let α  be a surjective 

homomorphism. Suppose that ( ) ( ) ( )12 −α= AgAAf  holds for any 
invertible element A in .A  Then, the followings statements hold: 

(i) ( ) ( )AgAf =  for all ;alg L∈A  

(ii) ( ) ( ) ( )IfAAf α=  for all .alg L∈A  

Similar to the proof of Theorem 2.13, by Proposition 2.11, we can get 
the following theorem. 
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Theorem 2.15. Let L  be a CSL on H and let ( )HBgf →Lalg:,  be 

bounded linear mappings. Let α  be a surjective homomorphism. Suppose 

that ( ) ( ) ( )12 −α= AgAAf  holds for any invertible element A in .A  Then, 

the followings statements hold: 

(i) ( ) ( )AgAf =  for all ;alg L∈A  

(ii) ( ) ( ) ( )IfAAf α=  for all .alg L∈A  

3. Left Jordan Derivations 

The following is a result concerning a functional equation. 

Theorem 3.1. Let A  be a unital Banach algebra. Suppose that 
AA →:f  is a linear mapping such that f is a left Jordan derivation on 

.A  Then, ( ) ( )12 −−= xfxxf  for all invertible elements .A∈x  

Proof. Suppose ,A∈x  we have thus 

(( ) ) ( ) ( )1121 2 −−− +δ+=+δ xxxxxx  

( ) ( ) ( ) ( ).2222 111 −−− δ+δ+δ+δ= xxxxxxxx   (11) 

(( ) ) ( )12221 2 −−− ++δ=+δ xxxxxx  

( ) ( ) ( )122 2 −− δ+δ+δ= xxxx  

( ) ( ) ( ) ( ).222 111 −−− δ+δ+δ= xxxxxx   (12) 

From (11) and (12), ( ) ( ) ( ).222 111 −−− δ+δ=δ xxxxxx  Since ( ) ,0=δ I  

( ) ( ) ( ) ( ).0,220 1111 −−−− δ+δ=δ+δ= xxxxxxxx  Thus ( ) ( ).12 −δ−=δ xxx  

This completes the proof. 
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